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Chapter 3
Global Min-cuts in RANVC, and Other Ramifications
of a Simple Min-Cut Algorithm*

David R. Kargert

Abstract This paper presents a new algorithm for
finding global min-cuts in weighted, undirected graphs.
One of the strengths of the algorithm is its extreme
simplicity. This randomized algorithm can be imple-
mented as a strongly polynomial sequential algorithm
with running time O(mnz), even if space is restricted
to O(n), or can be parallelized as an RNC algorithm
which runs in time O(log®n) on a CRCW PRAM with
mn?logn processors. In addition to yielding the best
known processor bounds on unweighted graphs, this al-
gorithm provides the first proof that the min-cut prob-
lem for weighted undirected graphs is in RN C. The
algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results
on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.
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Chapter 3
Global Min-cuts in RANVC, and Other Ramifications
of a Simple Min-Cut Algorithm*

David R. Kargert

Abstract This paper presents a new algorithm for

finding global min-cuts in weighted, undirected graphs.

One of the strengths of the algorithm is its extreme

simplicity. This randomized algorithm can be imple-
mented as a strongly polynomial sequential algorithm

with running time O(mn?), even if space is restricted
to O(n), or can be parallelized as an RNC algorithm
which runs in time O(log®n) on a CRCW PRAM with
mn?logn processors. In addition to yielding the best

known processor bounds on unweighted graphs, this al-

gorithm provides the first proof that the min-cut prob-

lem for weighted undirected graphs is in RN C. The

algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results
on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.

Using Randomized Sparsification to Approximate Minimum Cuts

David R. Karger*
Department of Computer Science
Stanford University
kargerQcs.stanford.edu
October 29, 1993

We introduce the concept of randomized sparsification
of a weighted, undirected graph. Randomized sparsi-
fication yields a sparse unweighted graph which closely
approximates the minimum cut structure of the original
graph. As a consequence, we show that a cut of weight
within a (1 + ¢) multiplicative factor of the minimum
cut in a graph can be found in O(m + n(log®n)/e*)
time; thus any constant factor approximation can be
achieved in O(m) time. Similarly, we show that a cut
within a multiplicative factor of « of the minimum can
be found in RANC using m + n/* processors. We also
investigate a parametric version of our randomized spar-
sification approach. Using it, we show that for a graph
undergoing a series of edge insertions and deletions, an
O(\/1 + 2/¢)-approximation to the minimum cut value
can be maintained at a cost of O(n“‘l/z) time per in-
sertion or deletion. If only insertions are allowed, the
approximation can be maintained at a cost of O(nf)
time per insertion.
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Abstract. We describe random i hniques for ly solving problems that
involve cuts and flows in graphs. We give a linear-ti d inatorial construction
that transforms any graph on n vertices into an O(nlogn)-edge graph on the same vertices whose
cuts have approximately the same value as the original graph’s. In this new graph, for example, we
can run the O(m*?)-time maximum flow algorithm of Goldberg and Rao to find an s-t minimum
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maximum flow in O(my/n) time. Our algorithm can also be used to improve the running time of
sparsest cut approximation algorithms from O(mn) to O(n2) and to accelerate several other recent
cut and flow algorithms. Our algorithms are based on a general theorem analyzing the concentration
of random graphs’ cut values near their expectations. Our work draws only on elementary probability
and graph theory.
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Q ge of a Simple Min-Cut Algorithm*
David R. Kargert

Abstract This paper presents a new algorithm for
finding global min-cuts in weighted, undirected graphs.
0 (d) One of the strengths of the algorithm is its extreme
¢ simplicity. This randomized algorithm can be imple-
ﬂ. A_m X m\“‘ms mented as a strongly polynomlf.l sequential algorithm
with running time O(mn?), even if space is restricted
to O(n), or can be para.]lehzed as an RNC algorithm
. which runs in time O(log? n) on a CRCW PRAM with
u“\&of w) Smw\e‘ Pcese(vu mn?log n processors. In addltIOI.l to yielding the'best
known processor bounds on unweighted graphs, this al-
. . gorithm provides the first proof that the min-cut prob-
- lem for weighted undirected graphs is in RNC. The
m \“ L‘A‘Y (QW r°x\“\°‘re'\v) algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results
on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.

RANDOMIZED APPROXIMATION SCHEMES FOR CUTS AND

/ ! :
BQ“C,Z “‘; Kq(ge‘- OQ FLO?VS IN CAP,’ACITATED GRAPHS

ANDRAS A. BENCZUR! AND DAVID R. KARGER?

David Karger wishes to dedicate this work to the memory of Rajeev Motwani. His
compelling teaching and supportive advising inspired and enabled the line of
research [17, 24, 18, 21] that led to the results published here.

Som?\e ‘“V e(szH wOPQﬁ\OM\ Abstract. We describe random sampling techniques for approximately solving problems that

involve cuts and flows in graphs. We give a near-linear-time randomized combinatorial construction

that transforms any graph on n vertices into an O(nlogn)-edge graph on the same vertices whose

cuts have approximately the same value as the original graph’s. In this new graph, for example, we

s‘ x * can run the O(ms/z)—time maximum flow algorithm of Goldberg and Rao to find an s-t minimum

o fO“ Lb““ec \‘\ Y cut in O(n3/2) time. This corresponds to a (1 4 ¢)-times minimum s-t cut in the original graph. A
related approach leads to a randomized divide-and-conquer algorithm producing an approximately

maximum flow in O(m+/n) time. Our algorithm can also be used to improve the running time of

sparsest cut approximation algorithms from O(mn) to O(n?) and to accelerate several other recent
cut and flow algorithms. Our algorithms are based on a general theorem analyzing the concentration

Q Wfbx Agcom?me G of random graphs’ cut values near their expectations. Our work draws only on elementary probability
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Optimization Problems.

David R. Karger*
MIT
Laboratory for Computer Science
karger@lcs.mit.edu

Abstract

Random sampling is a powerful tool for gathering information about a group by considering
only a small part of it. We discuss some broadly applicable paradigms for using random sampling
i inatori imization, and the i of these for two
blems on jids: finding an optimum matroid basis and packing disjoint
matroid bases. Applications of these ideas to the graphic matroid led to fast algorithms for
minimum spanning trees and minimum cuts.

An optimum matroid basis is typically found by a greedy algorithm that grows an independent
set into an the optimum basis one element at a time. This continuous change in the independent
set can make it hard to perform the independence tests needed by the greedy algorithm. We
simplify matters by using sampling to reduce the problem of finding an optimum matroid basis
to the problem of verifying that a given fized basis is optimum, showing that the two problems
can be solved in roughly the same time.

Another application of sampling is to packing matroid bases, also known as matroid par-
titioning. Sampling reduces the number of bases that must be packed. We combine sampling
with a greedy packing strategy that reduces the size of the matroid. Together, these techniques
give accelerated packing algorithms. We give particular attention to the problem of packing
spanning trees in graphs, which has applications in network reliability analysis. Our results can
be seen as generalizing certain results from random graph theory. The techniques have also
been effective for other packing problems.
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Chapter 3
Global Min-cuts in RA'C, and Other Ramifications
of a Simple Min-Cut Algorithm*

David R. Karger!

Abstract This paper presents a new algorithm for
finding global min-cuts in weighted, undirected graphs.
One of the strengths of the algorithm is its extreme
simplicity. This randomized algorithm can be imple-
mented as a strongly polynomial sequential algorithm
with running time O(mn?), even if space is restricted
to o(n), or can be parallelised as an RN'C algorithm
which runs in time O(log? n) on a CRCW PRAM with
‘mn?logn processors. In addition to yielding the best
known processor bounds on unweighted graphs, this al-
gorithm provides the first proof that the min-cut prob-
lem for weighted undirected graphs is in RA'C. The
algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results

on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.
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RANDOMIZED APPROXIMATION SCHEMES FOR CUTS AND
FLOWS IN CAPACITATED GRAPHS"

ANDRAS A. BENCZUR! AND DAVID R. KARGER®

David Karger wishes to dedicate this work to the memory of Rajeev Motwani. His
compelling teaching and supportive advising inspired and enabled the line of
rescarch (17, 24, 18, 21] that led to the results published here.

Abstract. We describe random sampling techniques for approsimately solving problems that

involve cuts and flows n graphs. We give & near-inear-time randomized combinatorial construction

that transforms any graph on  vertices into an O(n log n)-edge graph on the same vo

cuts have approximately the same value as the original graph's. In this new graph, for cxa

can un the O/ masimam low alorithm of Gokdbers and o 0 fd an - minimum

cut in O(n?/2) time. This corresponds 10 a (1 +¢)-times minimum s-t cut in the original graph. A

related approach leads to a randomized i Algorithm producing an

maximum flow in O(my/7) time. Our algorithm can also be wsed {0 improve the runing time of

sparset cut approximation algorithms from O(mn) to () and 1o accelerate several other recent
i and flow algorithms. Our algorithms are based on & gencral theorem analyzing the concentration

of random graphs' cut values near their expectations. Our work draws only on clementary probability
and graph theory.
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Chapter 3
Global Min-cuts in RA'C, and Other Ramifications
of a Simple Min-Cut Algorithm*

David R. Karger!

Abstract This paper presents a new algorithm for
finding global min-cuts in weighted, undirected graphs.
One of the strengths of the algorithm is its extreme
simplicity. This randomized algorithm can be imple-
mented as a strongly polynomial sequential algorithm
with running time O(mn?), even if space is restricted
to O(n), or can be parallelized as an RAC algorithm
which runs in time O(log?n) on a CRCW PRAM with
‘mn?logn processors. In addition to yielding the best
known processor bounds on unweighted graphs, this al-
gorithm provides the first proof that the min-cut prob-
lem for weighted undirected graphs is in RA'C. The
algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results
on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.

A:P.ex.--.\na:m.ﬁ:r.ﬁ:(s

\-«{ava\a,:ﬁ

RANDOMIZED APPROXIMATION SCHEMES FOR CUTS AND
FLOWS IN CAPACITATED GRAPHS"

ANDRAS A. BENCZUR! AND DAVID R. KARGER®

David Karger wishes to dedicate this work to the memory of Rajeev Motwani. His
compelling teaching and supportive advising inspired and enabled the line of
rescarch (17, 24, 18, 21] that led to the results published here.

Abstract. We describe random sampling techniques for approsimately solving problems that
involve cuts and flows n graphs. We give & near-inear-time randomized combinatorial construction
that transforms any graph on  vertices into an O(nlog n)-edge geaph on the same vertices whose
cuts have approximately the same value as the original graph's. In this new geaph, for example, wo
can run, the O(n/2)-time maximum flow algorithn of Goldberg and ao 10 fid an s minimum
cut in O(n®/?) time. This corresponds 1o a (1-+ ¢)-times minimum s-£ eut in the original grapl
related approach leads to a randomized i Algorithm producing an 5
maximum flow in O(my/7) time. Our algorithm can also be wsed {0 improve the runing time of
sparset cut approximation algorithms from O(mn) to () and 1o accelerate several other recent
cut and low algorithms. Our algorithms are based on a general theorem analyzing the concentration
of random graphs’cut vales near their expectations. Our work dravws only on elementary probability
and graph theory.
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Chapter 3
Global Min-cuts in RA'C, and Other Ramifications
of a Simple Min-Cut Algorithm*
David R. Karger!
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- $ \ % % © We derive simple push-relabel algorithms for the matroid partitioning, ma- '

P%\\ ‘ e\a e CD“ \% ° ' QNQ\“‘“&. * troid membership, and submodular flow feasibility problems. It turns out that, E

“in order to have a strongly polynomial algorithm, the lexicographic rule used in :
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Chapter 3

Global Min-cuts in RNC,

of a Simple Min-

David R.

Abstract This paper presents a new algorithm for
finding global min-cuts in weighted, undirected graphs.
One of the strengths of the algorithm is its extreme
simplicity. This randomized algorithm can be imple-
mented as a strongly polynomial sequential algorithm
with running time O(mn?), even if space is restricted
to O(n), or can be parallelized as an RNC algorithm
which runs in time O(log?n) on a CRCW PRAM with
mn?logn processors. In addition to yielding the best
known processor bounds on unweighted graphs, this al-
gorithm provides the first proof that the min-cut prob-
lem for weighted undirected graphs is in RANC. The
algorithm does more than find a single min-cut; it finds
all of them. The algorithm also yields numerous results
on network reliability, enumeration of cuts, multi-way
cuts, and approximate min-cuts.

1 Imtroduction

This paper studies the min-cut problem. Given a
graph with n vertices and m (possibly weighted) edges,
we wish to partition the vertices into two non-empty
sets S and T so as to minimize the number of edges
crossing from S to T (if the graph is weighted, we
wish to minimize the total weight of crossing edges).
Throughout this paper, the graph is assumed to be
connected, since otherwise the problem is trivial. The
problem actually comes in two flavors: in the s-t min-
cut problem, we require that the two specific vertices s
and ¢ be on opposite sides of the cut; in what will be
called the min-cut problem, or for emphasis the global
min-cut problem, there is no such restriction.

1.1 Previous Work. The oldest known way to
compute min-cuts is to use their well known duality with
max-flows [FF56, FF62]. Computation of an s-¢ max-
flow allows the immediate determination of an s-t min-

*Supported by a National Science Foundation Graduate
Fellowship
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karger@cs.stanford.edu
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cut. The best presently known sequential time bound
for max-flow is O(mnlog(n?/m)), found by Goldberg
and Tarjan [GT88]. Global min-cuts can be computed
by minimizing over s-t max-flows; Hao and Orlin [HO92]
show how the max-flow computations can be pipelined
so that together they take no more time than a single
max-flow computation; thus the global min-cut problem
can be solved in the same O(mn) running time.

Recently, progress has been made in special cases
of the min-cut problem. On unweighted graphs, the
min-cut problem is often known as the edge-connectivity
problem. Gabow [Gab91] shows how to find the edge-
connectivity c of a graph in time O(cnlog(n?/m)). On
weighted, undirected graphs, the algorithm of Nag-
amochi and Ibaraki [NI192] computes the min-cut in time
O(mn+n?logn). These algorithms make no use of max-
flow computations.

Work has also been done on parallel solutions to
the min-cut problem. Goldschlager, Shaw, and Sta-
ples [GSS82] showed that the s-£ min-cut problem on
weighted directed graphs is P-complete. This is also
true for the global min-cut problem (see section 4.2).
In the special case of unweighted directed or undi-
rected graphs, the matching algorithm of Karp, Upfal
and Wigderson [KUW86], together with a reduction de-
scribed by Mulmeley, Vazirani and Vazirani [MVV87],
can be used to find s-f max-flows and min-cuts in
O(log? n) time using mn®5 processors. An alternative
approach of Galil and Pan [GP88] uses n?M(n) pro-
cessors, where M(n) is the processor cost for multiply-
ing two matrices (presently about n%-37). In undirected
graphs, fixing a vertex s and finding s-t min-cuts for
all vertices ¢ identifies a min-cut; this requires perform-
ing n min-cut computations in parallel at a total cost
of mn*% or n?M(n) processors. Either algorithm can
be extended to weighted graphs by treating an edge of
weight w as a collection of w unweighted edges. How-

1 The notation O(f) denotes O(f polylog f)



Using Randomized Sparsification to Approximate Minimum Cuts
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Abstract

We introduce the concept of randomized sparsification
of a weighted, undirected graph. Randomized sparsi-
fication yields a sparse unweighted graph which closely
approximates the minimum cut structure of the original
graph. As a consequence, we show that a cut of weight
within a (1 + €) multiplicative factor of the minimum
cut in a graph can be found in O(m + n(log®n)/c*)
time; thus any constant factor approximation can be
achieved in O(m) time. Similarly, we show that a cut
within a multiplicative factor of o of the minimum can
be found in RAC using m + n?/® processors. We also
investigate a parametric version of our randomized spar-
sification approach. Using it, we show that for a graph
undergoing a series of edge insertions and deletions, an
O(+/1 + 2/¢)-approximation to the minimum cut value
can be maintained at a cost of O(nﬁ‘l'l/z) time per in-
sertion or deletion. If only insertions are allowed, the
approximation can be maintained at a cost of ON(nE)
time per insertion.

1 Introduction

1.1 Minimum Cuts. This paper studies the min-cut
problem. Given a graph with n vertices and m (possibly
weighted) edges, we wish to partition the vertices into
two non-empty sets so as to minimize the number or to-
tal weight of edges crossing between them. Throughout
this paper, the graph is assumed to be connected be-
cause otherwise the problem is trivial. We also require
that all edge weights be non-negative, because otherwise
the problem is N"P-complete by a trivial transformation
from the maximum-cut problem [GJ79, page 210]. The
problem actually has two variants: in the s-t min-cut
problem we require that two specified vertices s and ¢
be on opposite sides of the cut; in what we call the
man-cut problem there is no such restriction.

Supported by a National Science Foundation Graduate Fel-
lowship, by NSF Grant CCR-9010517, and grants from Mitsubishi
and OTL.

Particularly on unweighted graphs, solving the min-
cut problem is sometimes referred to as finding the con-
nectwity of a graph; that is, determining the minimum
number of edges (or minimum total edge weight) that
must be removed to disconnect the graph.

Throughout this paper, we will focus attention
on an n vertex, m edge graph with minimum cut
value ¢. The fastest presently known algorithm for
finding minimum cuts in weighted undirected graphs is
the Recursive Contraction Algorithm (RCA) of Karger
and Stein [KS93]; it runs in O(n®log®n) time. An
algorithm by Gabow [Gab91] finds the minimum cut
in an unweighted graph in time O(m + ¢?nlog(n/c)),
where ¢ is the value of the minimum cut. It is thus
faster than the RCA on unweighted graphs with small
minimum cuts (¢ < \/n).

1.2 New Results. This paper studies algorithms for
approrimating the minimum cut. To this end, we make
the following definition:

DEFINITION 1.1. An a-approximation to the min-
imum cut, or more concisely an a-minimal cut, s a
cut whose weight is within a multiplicative factor of «
of the minimum cut. An a-approximation algorithm is
one which finds an a-minimal cut in every input graph.

In this paper, we give a collection of minimum cut
approximation algorithms. They are based on a ran-
domized algorithm for taking a weighted undirected
graph and constructing a sparse unweighted graph, or
skeleton, which closely approximates the minimum cut
information of the original graph. Finding a minimum
cut in the skeleton gives information about the mini-
mum cut in the original graph. Because the skeleton
is sparse and unweighted, fast specialized minimum cut
algorithms (such as Gabow’s) can be applied.

We use graph skeletons in a new sequential ap-
proximation algorithm for minimum cuts. For any
¢ > 0, the algorithm finds a (1 4+ ¢)-minimal cut in
O(m+n(log® n)/e*); thus, in particular, if € is any con-
stant it finds a (14 €)-approximation in O(m+nlog® n)
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Abstract. We describe random sampling techniques for approximately solving problems that
involve cuts and flows in graphs. We give a near-linear-time randomized combinatorial construction
that transforms any graph on n vertices into an O(nlogn)-edge graph on the same vertices whose
cuts have approximately the same value as the original graph’s. In this new graph, for example, we

can run the O(m3/2)-time maximum flow algorithm of Goldberg and Rao to find an s-t minimum
cut in O(n3/?) time. This corresponds to a (1 4 ¢€)-times minimum s-¢ cut in the original graph. A
related approach leads to a randomized divide-and-conquer algorithm producing an approximately
maximum flow in O(my/n) time. Our algorithm can also be used to improve the running time of
sparsest cut approximation algorithms from O(mn) to O(n?) and to accelerate several other recent
cut and flow algorithms. Our algorithms are based on a general theorem analyzing the concentration
of random graphs’ cut values near their expectations. Our work draws only on elementary probability
and graph theory.

Key words. minimum cut, maximum flow random graph, random sampling, connectivity, cut
enumeration, network reliability
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1. Introduction. This paper gives results on random sampling methods for
reducing the number of edges in any undirected graph while approximately preserving
the values of its cuts and consequently its flows. It then demonstrates how these
techniques can be used in faster algorithms to approximate the values of minimum cuts
and maximum flows in such graphs. We give an O(m)—time1 compression algorithm
to reduce the number of edges in any n-vertex graph to O(nlogn) with only a small
perturbation in cut values and then use that compression method to find approximate
minimum cuts in O(n?) time and approximate maximum flows in O(m+/n) time.

1.1. Background. Previous work [19, 18, 22] has shown that random sampling
is an effective tool for problems involving cuts in graphs. A cut is a partition of a
graph’s vertices into two groups; its value is the number, or in weighted graphs the
total weight, of edges with one endpoint on each side of the cut. Many problems
depend only on cut values. The maximum flow that can be routed from s to ¢ is the
minimum value of any cut separating s and ¢ [10]. A minimum bisection is the smallest
cut that splits the graph into two equal-sized pieces. The connectivity or minimum
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Random Sampling and Greedy Sparsification for Matroid
Optimization Problems.
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Abstract

Random sampling is a powerful tool for gathering information about a group by considering
only a small part of it. We discuss some broadly applicable paradigms for using random sampling
in combinatorial optimization, and demonstrate the effectiveness of these paradigms for two
optimization problems on matroids: finding an optimum matroid basis and packing disjoint
matroid bases. Applications of these ideas to the graphic matroid led to fast algorithms for
minimum spanning trees and minimum cuts.

An optimum matroid basis is typically found by a greedy algorithm that grows an independent
set into an the optimum basis one element at a time. This continuous change in the independent
set can make it hard to perform the independence tests needed by the greedy algorithm. We
simplify matters by using sampling to reduce the problem of finding an optimum matroid basis
to the problem of verifying that a given fized basis is optimum, showing that the two problems
can be solved in roughly the same time.

Another application of sampling is to packing matroid bases, also known as matroid par-
titioning. Sampling reduces the number of bases that must be packed. We combine sampling
with a greedy packing strategy that reduces the size of the matroid. Together, these techniques
give accelerated packing algorithms. We give particular attention to the problem of packing
spanning trees in graphs, which has applications in network reliability analysis. Our results can
be seen as generalizing certain results from random graph theory. The techniques have also
been effective for other packing problems.

1 Introduction

Arguably the central concept of statistics is that of a representative sample. It is often possible to
gather a great deal of information about a large population by examining a small sample randomly
drawn from it. This has obvious advantages in reducing the investigator’s work, both in gathering
and in analyzing the data.

We apply the concept of a representative sample to combinatorial optimization. Given an op-
timization problem, it may be possible to generate a small representative subproblem by random
sampling. Intuitively, such a subproblem may form a microcosm of the larger problem. In particu-
lar, an optimum solution to the subproblem may be a nearly optimum solution to the problem as
a whole. In some situations, such an approximation might be sufficient. In other situations, it may
be relatively easy to improve this good solution to a truly optimum solution.

*Some of this work done at Stanford University, supported by National Science Foundation and Hertz Foun-
dation Graduate Fellowships, and NSF Young Investigator Award CCR-9357849, with matching funds from IBM,
Schlumberger Foundation, Shell Foundation and Xerox Corporation. Research supported in part by ARPA contract
NO00014-95-1-1246 and NSF contract CCR-9624239
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Simple push-relabel algorithms
for matroids and submodular flows

Andras Frank and Zoltan Miklds*

Abstract

We derive simple push-relabel algorithms for the matroid partitioning, ma-
troid membership, and submodular flow feasibility problems. It turns out that,
in order to have a strongly polynomial algorithm, the lexicographic rule used in
all previous algorithms for the two latter problems can be avoided. Its proper
role is that it helps speeding up the algorithm in the last problem.

1 Introduction

Push-relabel algorithms (see, for example, the first one of Goldberg and Tarjan, [16]),
unlike augmenting path type algorithms, use only small, local steps. In order to
make progess, in selecting the current element where the next local step is to be
performed, they use a control parameter © : S — {0,1,2,...} called a level (or
distance) function. Here S can be the node-set of a directed graph or the ground-set
of a matroid. In the present work the range of the level functions is {0,1,2,...,n}
where n = |S| while the original algorithm of Goldberg and Tarjan for maximum flows
must have allowed {0,1,2,...,2n — 1} for the range of ©.

The goal of the present paper is to develop simple push-relabel algorithms in sub-
modular optimization. We exhibit versions for matroid partition, for membership in
a matroid polytope, and for submodular flow feasibility. All the previous algorithms
relied on a selection rule based on a consistent ordering of the elements. This rule can
be considered as a counterpart of the lexicographic rule of Schonsleben [19] applied
to augmenting path type algorithms. The new push-relabel algorithms do not use the
consistency rule and the proof of strong polynomiality becomes much simpler. The
true role of the consistency rule is that, though not needed for strong polynomiality,
it improves the complexity of the algorithm by one order of magnitude.

For a given level function ©, the sets L, = {v: ©(v) =i} (i=0,...,n) are called
the level sets of ©. For an element s with O(s) = j, we say that the level of s is j
or that s is in L;. For a subset X C S, let Opyin(X) := min{O(v) : v € X}. One of
the local steps during the algorithm is lifting an element s of S with O(s) < n —1

*MTA-ELTE Egervary Research Group, Department of Operations Research, E&étvos Uni-
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